SYMPLECTIC BRANCHING LAWS AND HERMITIAN 
SYMMETRIC SPACES 



BENJAMIN SCHWARZ AND HENRIK SEPPANEN* 

Abstract. Let G be a complex simple Lie group, and let J7 c G 
be a maximal compact subgroup. Assume that G admits a ho- 
mogenous space X = GjQ = U fK which is a compact Hermitian 
symmetric space. Let ^ ^ X he the ample line bundle which 
generates the Picard group of X. In this paper we study the re- 
strictions to K of the family {H^{X^^^))ke'H of irreducible G- 
representations. We describe explicitly the moment polytopes for 
the moment maps X ^ t* associated to positive integer multiples 
of the Kostant-Kirillov symplectic form on X, and we use these, 
together with an explicit characterization of the closed if "'-orbits 
on AT, to find the decompositions of the spaces H^{X,^^). We 
also construct a natural Okounkov body for ^ and the if-action, 
and identify it with the smallest of the moment polytopes above. 
In particular, the Okounkov body is a convex polytope. In fact, 
we even prove the stronger property that the semigroup defining 
the Okounkov body is finitely generated. 



1. Introduction 

In this paper we consider the following setting. Let G be a complex 
simple Lie group, and assume that G admits a quotient X := GjQ 
which is a compact Hermitian symmetric space. Then Q is a maximal 
parabolic subgroup. Moreover, we can write X as X = U/K, where 
?7 £ G is a maximal compact subgroup, and K := U n Q. The Picard 
group of X, which is isomorphic to the group of holomorphic characters 
Q C'*, is Z. Let =Sf X be the ample generator for the Picard group. 
We are concerned with the decomposition under K of the irreducible 
G-representations given by the family H'^{X,^^), where /c e N. 

In order to put our approach to the decomposition problem into 
its proper framework we make a small digression into a more general 
setting. For a more thorough treatment we refer to [S95] and the refer- 
ences therein. We now temporarily let K denote an arbitrary compact 
Lie group, and assume that K acts holomorphically and in a Hamil- 
tonian fashion on the connected compact Kahler manifold (M, a;) with 
moment map r t*. Assume that {M,u) admits a prequantum line 
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bundle C. The action of K then hfts to an action on £, and hence we 
have a representation of K on the space H^{M,C). One may then ask 
how H^{M,C) decomposes under K. For this purpose it is useful to 
realize the irreducible /^-representation of highest weight ^ as the space 
of holomorphic sections H^{0^ ,^^), where £ t* is the coadjoint 
orbit through ^, and is the prcquantum line bundle attached to 
the Kostant-Kirillov symplectic form on . It is well-known that the 
multiplicity of the representation H^{0^ ,^^) in H^{M,C) is given by 

the dimension of the space, H^{Mx.O^ ,L^^^)^ , of i^T- invariant holo- 
morphic sections of the hue bundle £HjSf^* MxO^. Here denotes 
the topological space equipped with the reverse complex structure 
and the symplectic form given by -1 times the Kostant-Kirillov form. 
The fibre over x e of the line bundle =Sf^* consists of the space of an- 
tihnear complex- valued functional on {^^)x (cf. [GS82]). The group 
K now acts holomorphically and in a Hamiltonian fashion on M x 
with moment map : M x ->■ t* given by T^{m, f) ■■- T{m) - f. 

An obvious question is whether the space H^{M x ,C a ^^)^ 
can be interpreted as the space of all holomorphic sections of some line 
bundle over some "quotient" of M x by K. Indeed, this holds for 
the Mumford quotient 

where (M x 0^)ss is the open subset consisting of the semistable points 

of (M X O^). An interesting feature, and one which links the Mumford 

quotient to the symplectic geometry, is that (M x 0^)o is homeomor- 
phic to the topological quotient (t^)-^(O) (cf. [S95, Thm. 2.5]), the 
symplectic reduction at 0. Moreover, the following result holds. 

Theorem 1.1. (^[S95, Corollary 1]^ If^ does not lie in the image t(M), 
then the irreducible representation of highest weight ^ does not occur 
m H%M,C). 

The space (M x 0^)o also carries the structure of a complex pro- 
jective variety. In fact, it is isomorphic to Proj(0^Q x , (£h 
^^)^)^). Moreover, for big enough the line bundle C'^ m {^^)'^ 
induces a hue bundle m (^Y)o over {M x Of)ssllK'^, the total 
space of which is ((£ s -^/)^) L, )/-^^- ^or such q, there is an 

S (^iW X(iJ^ jss 

isomorphism 

Under favourable conditions, e.g. the vanishing of all cohomology groups 
H'{{MxOf)o, (£im(^)i)o)), for i > 0, the asymptotics of dimFO((Mx 
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0^)qj (C"^ h (^^*)'^'?)o) as A; ^ oo is given by the Riemann-Roch theo- 
rem for (singular) complete schemes (cf. [Fu98, Example 18.3.6]). 

Although this machinery works well in principle, a major obstruction 
for applying it in particular cases in order to obtain explicit asymptotic 
expressions for multiplicities is that the moment maps r^, and hence 
their fibres, are in general notoriously hard to compute. 

In this paper we are able to compute the moment map fi^ : X ->■ t* 
for the f^-action by using an explicit Jordan-theoretic description of 
X. We also prove that for any u € ^{(X), the stabilizer, K,,, of u acts 
transitively on the fibre /^^^(z/). As a consequence, the decomposition 
of H^{X,J^'^) under K is multiplicity free for every k e N. We also 
describe explicitly the moment polytope for k/i^ for any A; € N, i.e., 
the intersection of kfii{X) with a closed Weyl chamber, as well as the 
integral points in the moment polytope. By Theorem 1.1, these are 
the only weights that can occur as highest weights of irreducible K- 
representations in H^{X,^^). We prove that all these integral points 
in fact do occur. In fact, from the particular form of the integral weights 
in the moment polytopes for the k^^ it turns out that it suffices to prove 
this for A; = 1, i.e., that all the integral points in the moment polytope 
for yU{ parameterize irreducible ^-representations in H'^(X,^). 

In the special case A; = 1 we prove that the integral points stand in 
a one-to-one correspondence with the closed i^^-orbits, Xq, . . . , X^, in 
X. The number r is the rank of X as a symmetric space. We also give 
a Jordan-theoretic characterization of these orbits. Using this char- 
acterization, we give a geometric decomposition of H'^{X,^) under 
K. The X-cquivariant embedding Wi H'^(X,^) of the irreducible 
representation Wi corresponding to the orbit Xi is a section for the 
restriction map H%X,^) H%Xi,^ \xj. 

We also define an Okounkov body for the line bundle and the in- 
action (cf. [Ok96]) by using a canonical local triviafization of sections. 
The semigroup defining the Okounkov body describes the initial mono- 
mial terms of the polynomials that arc local trivializations of highest 
weight vectors for irreducible i^-subrepresentations. Using the decom- 
positions for the spaces jSf^) under K we are able to prove that 
this semigroup is finitely generated. 

The paper is organized as follows. In Section 2 and Section 3 we re- 
call the preliminaries from Lie theory and Jordan theory, respectively. 
In Section 4 we study the local trivializations of holomorphic sections 
and use these to define an Okounkov body for ^ and the X-action. 
Section 5 is devoted to closed i^^-orbits in X and a geometric decom- 
position theorem. In Section 6 we describe the moment polytope and 
the symplectic reductions. In Section 7 we prove the decomposition 
theorem for if°(X,j5f'=) using the results from previous sections. In 
Section 8 use the results from Section 7 to identify the Okounkov body 
with the moment polytope for /xj. 
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2. Preliminaries from Lie theory 

Let be a complex simple Lie algebra, and let f) be a fixed Cartan 
subalgebra of q. Let $ = $(9, [)) be the set of roots with respect to [). 
Let ^ $ be a positive system, and {/3i, . . . , /3s} the corresponding 
simple roots. For every a € fix an s[2-triple {Ea,Ha- E-a} with 
Ha e f), Ea ^ Qa, and E^ e normalized so that the identitiy 

holds for all a, /3 e with constants Na,p e R satisfying N-a-p = -Na,p- 
Also, set Fa ■= E_a for a e $+. Let 

U := ^iHp. ® R{Ea - F,) ® m{Ea + Fa) 

be the canonical compact real form of g, and 6* : be the associated 
Cartan involution of q. Let 

be the maximal abehan subalgebra of u with f)^ = t. Define 

:= 0a , rr := 0a , 

and let 

b := 1) ® n+ 

be the Borel subalgebra defined by the positive system Then can 
be decomposed as 

= b ® n~. 

For a root, a, let ■mp^{a) be the multiplicity of /3i in a, i.e., a = 

Ei=i"^ft(")A- 

In this paper we shall be concerned with the special case when 
admits a simple root that has multiplicity at most one in every positive 
root. Assume therefore that /3i is such a simple root. We define subsets 
of $ by 

$Q := {a e $ I mi3^{a) > 0}, <I>l := {a e $ | mp^{a) = 0}, 
and Lie subalgebras 

[ := I) ® 0a , q := © 0a • 

We also define 

P^-= 0a, P":= d-a- 

Then we have 
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The Lie algebra q is a maximal parabolic subalgebra of g containing b, 
and p+ and I are the nilpotent radical of q and the Levi subalgebra of 
q, respectively. From the assumption that m/3j(Q;) € {-1,0,1} for any 
root a it readily follows that p+ is an abelian subalgebra. 
The Lie algebra I is reductive with scmisimple part 

where 

is a Cartan subalgebra of ['. Then $l is the set of roots of I with 
respect to The set := $l n is a positive system in and 
we accordingly define the subalgebras 

of I. The subalgebra [ is obviously ^-invariant, and we set 

f = [nu. 

Let (^0 ^ be a basis vector for 3(1), the centre of I. Then 

i={'® CCo. 

We now return to the roots in and construct a particular num- 
bering of them. Equip the root lattice with the lexicographic order 
coming from the identification with the lattice Z/3i ® ••• ® Z/?^. Then 
/3i > . . . > /3s. Moreover, a > 7, for any a e \ $l and 7 € (^l. 

We construct a maximal set {71, . . . ,7^} £ $q \ $l of strongly or- 
thogonal roots, i.e., the 7j satisfy the property that for all pairs {7i,7j} 
is neither 7^ + 7^, nor 7j - 7^ a root. 

First, put 7i ■■- Pi. Assuming that 71, ... ,7^ are defined, let 7^+1 be the 
smallest root in $q \ $x, such that 7^ ± 7j+i ^ $ for j = 1, . . . , ^. 

Given the roots 71, ... ,7^, we now consider a particular decomposi- 
tion of the the maximal abelian subalgebra i^i. Let 

be the KiUing form of Q. Put s' ■= RiH^^ ® ••• ® M.iH^^ c t, and con- 
sider the decomposition t = 5' © (s')^, where {s')^ £ t is the orthogonal 
complement to 5' with respect to the restriction of k to t. Notice that 

{s'y = {H€i\^,(H) = 0, z = l,...,r}. 

With respect to this decomposition of t, let C ^ t denote the (3')-^- 
component of (o- Now put s ■= s'sM^, and consider the decomposition 

(1) i = s®(s)\ 

where (s)^ ^ i is the orthogonal complement to s with respect to the 
restriction of k to t. 
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We now enumerate the roots in $q \ as follows. First, let ai ■■- 
7i, . . . , q;^ := 7r. Then, let a^+i, . . . , be the remaining roots in $q \ 
numbered in such a way that 

CKj < aj for all r + 1 < i < J < n 

(with respect to the lexicographic order above). The vectors Fi := 
, . . . ,Fn-- Fa„ form a basis for p'. 

We now shift focus to the level of Lie groups. Let G be a 1-connected 
complex Lie group with Lie algebra g. Define the subgroups B :- 
Naib), Q Nciq), L iVcCp") n A^g(0 n A^g(P^) with Lie algebras 
b,q, and I, respectively. Let P~ ■= (expp~} be the integral subgroup of 
G generated by p". Moreover, we put Bl '■= NL{t}®n'l) £ L. Then Bl is 
a Borcl subgroup of L. Also, let A'^^ and Nj^ be the integral subgroups 
of L with Lie algebras xi^ and n^, respectively. 

We will be concerned with the homogeneous space X := G/Q. Prom 
the point of view of symplectic geometry it is convenient to describe X 
as a homogeneous space under a compact Lie group. For this purpose, 
let U ■■- exp(u) ^ G he the integral subgroup of G generated by u. 
Then, since G/Q is connected, we have 

X = G/Q = U/K, 

where 

K:=QnU. 

Notice that K has Lie algebra t. 

We will now take a closer look at a particular choice of local coordi- 
nates for X. The multiplication map 

p-xQ^G, (p, q) ^ pq 

is holomorphic and injective with open image. Moreover the exponen- 
tial map 

exp : ^ 

is a biholomorphic isomorphism. It follows that the map 

p" ^ P'Q/Q £ X, ziFi + ■■■ + ZnFr, ^ exp(^iFi + ■■■ + ^„F„)g 
is an injective holomorphic map with open image. 

3. Preliminaries from Jordan theory 

Recall that there is a one-to-one correspondence between Hermit- 
ian symmetric spaces of compact type and semisimple complex Jordan 
pairs with positive Hermitian involution. In the following we indicate 
how to obtain a Jordan pair from the Lie algebra Q. The converse 
direction is given by the so called Kantor-Koecher-Tits construction, 
for which we refer to [BeOO]. Our main reference is [Lo75, Lo77], and 
in particular we use the list of Jordan identities in [Lo77] and refer to 
single identities by JPxy. 
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Consider the decomposition q - ® I® p~. Then, the Lie bracket 
defines quadratic operators 

Q^:p^^Hom(p^p^), XH>Q^ with Ql{y) := -^[[x,y],x] . 

This defines a Jordan pair structure on (p",p+). For convenience, we 
set {V,V') (p",p+), omit the indices ± on the quadratic operators 
and define operators via the relations 

{x, y, z) := D^^yZ := Q^^^y := Qx+zV-Qxy-QzV = -[[x,y],z] . 

The context determines the domains of these operators, e.g. { , , } is 
a trihnear map from V ><■ V ><■ V to V (resp. from V x-V x-V to V). 
We also need the Bergman operator B^^y which is defined for all pairs 
{x, y) €V xV hy 

B^^y := Id -Dx,y + QxQy e End(y). 
The pair {x,y) is called quasi-invertible if B^^y is invertible, and then 

(2) xy:^B-ly{x-Qxy)€V 

is called the quasi-inverse of {x,y). In the same way one defines the 
Bergman operator By ^ e End(V) and quasi-inverses y^ e V for pairs 
{y,x) e V X V. We note that B^^y is invertible if and only if By^^ is 
invertible. 

The restriction of the Killing form k : gxg C to the product p' xp^ 
yields a non-degenerate pairing of V and V, which is given (up to a 
constant factor) in Jordan theoretic terms by the trace form, 

r:VxV'^C, ix,y)^TrD,,y, 

where Tr denotes the usual trace of linear operators on V. This turns 
{V, V) into a semisimple complex Jordan pair. 

The Cartan involution ^ of restricted to p"^ yields antihnear isomor- 
phisms y «i y , which are both denoted by x ■= 9(x) and that satisfy 
QxV = QxV- Moreover, the map 

(3) (\):VxV^C, (x,z)^(x\z):=t(x,z) 

is a positive definite inner product on V, and hence x >^x is a positive 
Hermitian involution on {V,V'). By means of this involution, we may 
identify V with V. 

3.1. Vector fields and group actions. As in (2), we may identify 
V = p~ via the exponential map with an open and dense subset of 
the compact Hermitian symmetric space X = G/Q, i.e., V X hj 
x exp{x)Q. In this way, the automorphism group G acts on V by 
birational maps, and elements of its Lie algebra q can be identified with 
vector fields on V, which turn out to be at most quadratic polynomi- 
als. Indeed, according to the decomposition q = p+®[®p~ we have 
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isomorphisms 

= {qv{x):=Q^v\veV'} , 

(4) 

p ^ {u{x) ■.= u\u€V} , 

and the vector fields corresponding to I are the derivations on V, i.e., 
hnear maps T e End(F), satisfying 

T{x, y, z) = {Tx, y, z) - {x, T*y, z] + {x, y, Tz) , 

for all x,z , y ^ V, where T# e End(V^') is the adjoint map of T with 
respect to the trace from r. As an example, for any pair (x, y) eV x V, 
the operator D^^y is a derivation with (Dx^y)"^ = Dy^^- Within the 
context of Jordan theoretic arguments, we identify the Lie algebra Q 
with its realization as vector fields on V, so an element X e gis a vector 
field '■ V V of the form Cx{x) - u + Tx + qv{x) with u € V , T € I 
and V e V. In order to obtain Lie algebra isomorphisms, we note that 
the commutator of vector fields CjV ^ Q is given by 

(5) [(:,ij](x) = daz)-rj(z)-drj(z)-az), 

which differs by sign from the usual convention for the Lie bracket of 
vector fields. In detail, the commutator of two elements Xi = ui+Ti+q^^ 
and X2 = U2 + T2 + is given by 

[Xi,X2] = (T,U2-T2U,) + (L>„,,,, + [ri,T2] - + - q^^J , 

and the KiUing form «; on g translates to 

(6) k(Xi, X2) = k:,(Ti, T2) + 2 Tr(TiT2) - 2 t{ui,V2) - 2 t{u2,Vi) , 

where ni denotes the Killing form on I. For both formulas, see e.g. 
[Sa80, §7]. 

The birational group action of exp(p*) on y c X is given and denoted 

by 

tui^) •= exp{u)x = x + u for u eV {translation), 

iy{x) := exp(g^)a; = x'" for v (quasi-translation). 

The subgroup L c G* is identified with the identity component of the au- 
tomorphism group Aut(K V') of the Jordan pair, which consists of lin- 
ear automorphisms h e GL{V) satisfying h{x, y, z} - {hx, h'^f^y, hz) 
for all x, z e y, y e V, where h~# ■= {h*)~'^ and /i# is the adjoint 
map of h with respect to the trace form r. Therefore, h & L acts on 
V ^ X hj linear transformations x hx. As an example, for quasi- 
invertible pairs {x,y) eV x V', the Bergman operator B^^y is a Jordan 
pair automorphism with {Bx^y)"^ - By^^- 

The Cartan involution 9 corresponding to the compact real froms 
t 9 I and u £ translates to ^(-u + T + g^) =v-T* + qu, where T* denotes 
the adjoint of T with respect to the inner product (3) on V. Therefore, 

t={T€l\T=-T*} , u={u + T + q^\u&V, T^t} . 
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In addition, we note that the centre of t is given by 3(t) - M(zld), and 
the Lie group K is the connected component of the group of automor- 
phisms h e Aut{V,V') satisfying h = h~*, i.e., unitary automorphisms. 

3.2. Idempotents, Peirce decomposition, and rank. An idempo- 
tent is a pair e = (e,e') eVxV satisfying the relations QgC' = e and 
Qe'G = e'. Let I (zV X V denote the set of idempotents. For e € X, the 
operators i?e,e' ^ End(V") and De',e ^ End(y) are diagonahzable with 
spectra in {0, 1,2}, and the decomposition into eigenspaces, 

V = 1/2(6) ® Vi{e) e Vo{e) , V = V^{e) e V{{e) e K(e), 

is called the Peirce decomposition with respect to e. We note that in 
general, V^(e) differs from the image of Vfe(e) under the involution of 
(V,V'), i.e., V;'(e) ^ \4(e). The Peirce spaces Vk := Vk{e), := V^{e) 
are subject to the following multiplication rules (the Peirce rules) 

{Vi, y/, Vk} c {V2, V} = {Vo, v} = {0} , 

where Ve = {0} and V; = {0} if i i {0,1,2}. In particular, (14., F^) 
is a subpair of {V^V). Two idempotents e = (e,e'), c = (c, c') are 
[strongly) orthogonal if c e Vo(e) or equivalently e e Vo(c). In this 
case, the sum e + c = (e + c, e' + c') is also an idempotent. A non-zero 
idempotent is called primitive, if it is not the sum of two orthogonal 
non-zero idempotents. A frame of idempotents (ei, . . . ,6^) is a max- 
imal system of primitive orthogonal idempotents. The length r of a 
frame of idempotents is an invariant of the Jordan pair {V, V), called 
the rank and denoted by rk V := r. 

For a system of (pairwise) orthogonal idempotents (ei,...,efe), so 
in particular for a frame, the operators (-De^.e^)£=i....,fc form a commut- 
ing set of diagonahzable operators, and hence induce the joint Peirce 
decomposition 

V - ® ^ij with Vij - {x eV \ {e^, e'^, x} - {6^ + 6je) x for all i} , 

0<i<j<k 

and likewise for (De^,eJ^=i,...,fe and V. Setting Vji := Vij and := V-j 
for i ^ J, the Peirce rules refine to the joint Peirce rules 

and all other types of products vanish. Again, we point out that the 
image of under the involution of (V,V') in general differs from V/^, 
unless we consider a special class of idempotents, namely those defined 
by tripotents, which we discuss in the next section. 

If (v. V') is simple of rank r, then, for any primitive idempotent 
e 6 X, we set 



(7) 



p r(e,e') = 2 + dim 14 (e) 
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which is independent of the choice of e. This structure constant of 
(V,V') appears in subsequent formulas which involve the Killing form 
of Q. 

We also need the notion of rank for arbitrary elements x e V or 
y 6 v. For x €V the subspace [x] ■■- QxV' 9V is called the principal 
inner ideal generated by x. The rank of x, rkx, is defined as the maxi- 
mum length of all chains [xq] ^ [xi] ^ ••• ^ [x^] with Xi € [x]. Similarly, 
one defines [y] := QyV ^ V' and rky for y e V'. If e = (e, e') is an idem- 
potent, then the Peirce rules imply [e] = V2(e) and [e'] = ^'C^)' 
it turns out [Lo91, §3], that ike - rke'. We therefore define rke ■- rke 
and call this the rank of the idempotent e. The set I of idempotents 
therefore decomposes into subset of constant rank idempotents, de- 
noted hj Ik '■= {e el|rke = A;}. Since we assume (V,V') to be finite 
dimensional and simple, each element e eV admits a completion to an 
idempotent, i.e., an element e' € V such that (e,e') e I. Prom this, 
it follows that the decomposition of an idempotent e of rank k into 
primitive orthogonal idempotents has exactly k summands. Therefore, 
the maximum of all ranks of elements in V coincides with the rank of 
V as it is defined above. 

3.3. Tripotents and spectral decomposition. The involution on 

{V, V') admits the definition of (odd) powers of elements, namely for 

X eV define := x and inductively a;(2^+^) := QxX^'^'^'^^ for A; > 1. An 
element e e V is called a tripotent, if e('^) = e, i.e., e - QeC. Equiva- 
lently, e is a tripotent if and only if (e,e) is an idempotent. In par- 
ticular, all notions defined in the last section apply to the idempotent 
(e,e). Without causing ambiguities in notation, we may identify e with 
(e,e) if necessary. Concerning the Peirce decomposition, we note that 
V^'(e) = Vfc(e) for a tripotent e, and V^j - Vij for a system of orthogonal 
tripotents (ei, . . . , e^). The set of tripotents is denoted hy S ^V. 

For the explicit description of the moment map on X, we will make 
use of the following spectral theorem [Lo77, §3.12]. 

Theorem 3.1 (Spectral decomposition). Let (V,V') be a finite di- 
mensional semisimple Jordan pair with positive Hermitian involution. 
Then every element x admits a unique decomposition 

x = aiei + -- + akek , ai> ■■■> ak>0 , 

where the Ci are pairwise orthogonal non-zero tripotents which are real 
linear combinations of powers of x, and (Ti e R. 

3.4. Idempotents and roots. Idempotents are related to 5l2-triples 
in Q in the following way: If (e, e') e J is an idempotent, then {E, H, F) := 
(ge', -De,e', "c) is an sl2-triple in q with q^' € p+, £)e,e' ^ i and -e e p~ (con- 
stant vector field). Indeed, according to (5) and using JP12, it follows 
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that 

[De,e', -e] = --De.e'C = -2 6 , 
[-e,qe'] = De,e' ■ 

Conversely, if (E,H,F) is an sl2-triple in q with E € p+, H € [ and 
F 6 p", then the identifications V = p+ and y = in (4) yield an 
idempotent (e, e') e I with E - q^', F = -e and H = -De,e'- 

This correspondence between idempotents and certain sl2-triples in 
Q also applies to tripotents: Starting with a tripotent e e 5", we obtain 
the sl2-triple (E,H,F) := [q^,D(,^,-e) with the additional property 
9{E) - -F, where 9 denotes the Cartan involution on q, and hence 
iH € t Conversely, any sla-triplc {E, H, F) with £; € p+ and e{E) - -F 
yields a tripotent e e S' corresponding to E = q^. 

In particular, the s[2-triples associated to the system of strongly or- 
thogonal roots 7i, . . . , 7r yield a system (ci, . . . , e^) of tripotents, and it 
is straightforward to see that strong orthogonality of the roots is equiv- 
alent to strong orthogonality of the tripotents. Therefore, (ei, . . . ,6^) 
is a frame associated to the system of strongly orthogonal roots. We 
summarize the situation by 

Moreover, using the Killing form (6), the relation = c- k{Hj.,-) with 
c = 2/ K,{H^. , Hj. ) yields 

(8) 7,(T) = ir(Te,-,e,) for all Tel, 

where p is the structure constant defined by (7). This is the Jordan 
theoretic description of the strongly orthogonal roots. 

Recall the decomposition (1) of the maximal abelian subalgebra i of 
fi into t = s ©5-*-. In Jordan theoretic terms, we obtain 

S={iDej^ej, *Idy I j = l,...,r)^, 

and the condition ^ {T & l\^j(T) = 0} translates to 

s^c{T€t|Tej =Ofor allj}. 

3.5. Determinants. We have to deal with two kinds of determinants. 
On the one hand, there is the Jordan pair determinant A : V x V ->■ 
C associated to a Jordan pair (V^V), often also called the generic 
minimum polynomial, cf. [Lo75, §16]. On the other hand, let e - (e, e') 
be an idempotent in (V,V'), then the Peirce 2-space V2(e) becomes a 
unital Jordan algebra with product xoz ^ {x, e', z) and unit element 
e. The Jordan algebra determinant corresponding to V2(e) is denoted 
by Ae : V^2(e) C. Likewise, V2'(e) is a Jordan algebra with product 
y o w := ^{y, e, w}, unit element e', and Jordan algebra determinant 
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Ag : 1^2' (^) ^ The connection between Jordan pair determinant and 
Jordan algebra determinants is given as follows: 

Lemma 3.2. If e- (e,e') is an idempotent, then 



for all X e ^(e) and y e ^'C^)- 

Proof. Each identity is a consequence of the relation between Jordan 
algebra inverses and quasi- inverses, e.g. = e + {e-xY' for invertible 



In the following, we use (9) to extend the Jordan algebra deter- 
minants Ae and A^ to polynomial maps on V and V' . By abuse of 
notation, these extensions arc also denoted by Ag and A^. We note 
that iiV - V2(e) © Vi(e) ® Vo(e) is the Peirce decomposition with re- 
spect to e, then Ag vanishes on Vi{e) ®VQ{e). Analog results hold for 
Ag. For later use, wc note the following relation between the rank of 
idempotents and zeros of Jordan algebra determinants: 

Lemma 3.3. Let x & V be a fixed element, and k eN. Then, Ac{x) = 
for all idempotents c of rank k if and only if k > rkx. The same holds 
for y &V' and A'^{y) - in place of Ac(a;) - 0. 

Proof. First assume that k <Tkx. Let e = (e,e') be a completion of 
e = X to an idempotent, and let e = ei + ••• + e^ be a decomposition into 
primitive orthogonal idempotents. Then, £ - rke - rkx > k, and hence 
c := 81 + ••• + efe is well-defined and satisfies Ac(x) = Ac(e) = 1. This 
proves the 'only if part. For the converse direction assume Ac(a;) t 
for some c elj^. Let x = X2 + Xi+XQhe the components of x in the Peirce 
decomposition of V with respect to c. Then, Af.{x) - A(.{x2), and this 
is non-vanishing if and only if X2 is invertible in the unital Jordan 
algebra V2(c). Furthermore, this is equivalent to the identity [0:2] - 
V2(c), where [0:2] = Qx2^' is the principal inner ideal corresponding 
to X2. Since V2(c) - [c], this implies that rkx2 - rkc = rkc. Now the 
statement follows from the inequality rkx2 < rkx, cf. [Lo91, §3]. □ 

3.6. Jordan theoretic model of X. The concept of quasi-inverses 
(2) provides a Jordan theoretic model for the compact Hermitian sym- 
metric space X - G/Q (due to O. Loos [Lo77]): For each a € V the 
map La '■ V ->■ X given by ia{x) - exp{qa) exp{x)Q = tatxQ is an open 
and dense imbedding of in X. This yields an open covering of X by 
the subsets Xa '■= L-aiV), a, eV . It turns out that Xa n Xf, is the image 
of {x eV \ (x, a-b) quasi- invertible} under t^, and the transition map 
<^fe = ift^ o <-a is given by 



(9) 



Ag(x) = A(e-x,e') , A;(y) = A(e,e' -^/) 



X € V2{e). We omit the details. 



□ 
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This description of X may be summarized in the equivalence relation 



The equivalence class of an element (a;,a) is denoted by [x : a]. For 
a = 0, the imbedding to is just the standard imbedding oiV = p~ into 
X, which we have already used in Section 3.1. In the following, we 
write V £X for the identification of V with its image under lq in X. 

Some questions require yet another description of the elements of 
X. Consider the description via equivalence classes as it is given in 
(10). Whereas the chart maps concerns elements with fixed second 
entry a e V' , i.e., x ^ \x:a\, the following proposition selects for 
each clement in X a representative which is adapted to arguments 
concerning the action of the automorphism group of {V, V') on X. 

Proposition 3.4. Let [.t : a] he an element of X = (V x V')lR. Then, 
there exist an idempotent e = (e,e') e X and an element z e Vo(e) such 
that [x a] - [e + z ■■ e']. Moreover, the idempotent e can be chosen to 
be tripotent, i.e., e= (e,e). 

Proof. The existence of a representative for [x : a] of the form (e + z, e') 
with idempotent e and z e Vo(e) is proved in [Lo94], see Theorem 3.8, 
Proposition 4.6, and Theorem 4.7 therein. The possibility to choose 
e to be tripotent, follows from the fact that in our setting {(V,V') 
being finite dimensional and simple) , for any idempotent e there exists 
a tripotent c such that V2{e) = ¥2(0). Therefore, we may assume that 
the idempotent e = (e+,e_) used in the last part of Proposition 6.5 in 
[Lo94] is in fact a tripotent. □ 

4. Line bundles and representation spaces for G 

4.1. Prequantum bundles on G/Q. Let -A € [)* be the fundamental 
weight associated to the simple root Let xa ■ Q ^ 'C'' be the 
holomorphic character determined by the condition dx\{e) A, and 
let JSf := G xq C X be the line bundle associated to x\- We shall be 
concerned with the family H^{X,j!f^), for /c € N, of G-reprcscntations, 
and with the decomposition under the group L. Notice that X is a 
maximal compact subgroup of L, so that the decompositions under L 
amount to the decompositions under K. 

In order to realize the homogeneous space X as a coadjoint ?7-orbit 
in u* we extend the C-linear functional A € f)* to a functional on g 
by requiring that it annihilate all root spaces Qa- This convention 
will hereafter be used for extending linear functionals on f) to linear 
functionals on g. Similarly we extend R-hnear functionals on t to R- 
linear functionals on u. 



X = {Vx V')/R with 



(10) 




(x, a -b) is quasi-invertible 
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Notice that A has imaginary values on t, so that iX restricts to a 
real-valued R-linear functional on i. We will write iX instead of iX !„ 
for the induced M-linear functional on u. Using the above conventions, 
X can be realized as the coadjoint orbit, 0\ £ u*, of iX. When 0\ is 
equipped with the Kostant-Kirillov symplectic form, ux, the action of 
U is Hamiltonian with moment map 

being the inchision Ox ^ u*. The action of the subgroup K is also 
Hamiltonian, with moment map 

The line bundle =Sf is a prequantum line bundle for the Kostant-Kirillov 
form on Ox- In order to interpret the tensor powers as pre- 
quantum line bundles on X = C^, we use the natural isomorphism 
Ox = Okx, f '-^ kf, to identify the symplectic manifolds {Okx,^kx) and 
(Ox,kujx)- Then is a prequantum line bundle for {Ox,kojx)- The 
moment map for the iiT-action on (Ox,kuJx) is 

fj,^ ■■= kjii. 

4.2. Trivialization of sections. Consider the dual space H^{X, JSf )*, 
which is a highest weight module of highest weight -A. We make a 
specific choice of a highest weight vector. For this purpose we iden- 
tify the space of holomorphic sections ^) with the space of Q- 
equivariant holomorphic functions F : G ^ C having the Q-equivariance 
property 

Define Wi e H^{X,^y as the linear functional F eVe(F) :- F(e). 
Then Wi is a cyclic vector for H'^(X,^)* as a f/(g)-modulc, as well as 
a ?7(p")-module. For A; € N, the vector Wk — wf^ e H^{X,C^)* is then 
a highest weight vector for H^{X,^^y . Given these normahzations 
of highest weight vectors of the spaces H^{X^^^Y we now consider 
local trivializations of the bundles 

The principal bundle q: G ^ G/Q is trivial over the open set P~Q/Q. 
Hence the bundles J^*^, being associated to this principal bundle, are 
also trivial over P~Q/Q. If we identify a section cp of =5^= with a hnear 
functional on the dual space H^(X,^'^)* , then the realization of ip as 
a Q-equivariant holomorphic function, F, on G is given by 

Pig) = V(g-Wk)- 

The trivialization of a section, viewed as a Q-equivariant holomorphic 
function F : G ^ C, is given by the restriction of F to P . In the local 
coordinates (2), the restriction of F to P^ is given by the function 

(11) = (/?(exp(^iFi-H--- + ^„F„).Wfe), z&p-. 
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Proposition 4.1. Let s e H^{X,^^) be a weight vector of weight 6. 
If scalar multiples of the two monomial terms z"- and occur in the 
polynomial that trivializes s, then the identity 

n n 

holds in the weight lattice. Moreover, S = kX + 'Z]=i cijaj. 

Proof. The holomorphic section s corresponds to a linear functional 
on the space J^f^)*. The triviahzation of s is then given by the 

polynomial function 

f(zi, ...,Zn) = (p(e:iq>(ziFi + ••• + ZnFn).Wk) 

where F'^ :- F^^---Fn". Since each vector F'^.Wk is a weight vector (of 
weight -kX - T,]=i CjOLj), the functional can only have nonzero values 
on vectors F'^.Wk of the fixed weight -5. □ 

We now define a valuation-like function 

w:|Ji/°(X,^^)\{0}^N[}, 

km 

i.e., a function satisfying the properties 

v{st) = v{s)+v{t), s e H^{X,^^) \ {0}, t € H^{X,^^) \ {0}, 
v{s + t)>mm{v{s),v{t)), s,t e x {0}, s + t + Q, 

V{\s)=v{s), S6i/0(X,^'^)x{0},A€C\ 

If s e H^{X,^'^) \ {0} is trivialized as the polynomial / - EaeN" Ca^", 
let 

(12) i>(s) :=min{ae NJ)' I ^0}, 

where the minimum refers to the inverse lexicographic order on Z"^. 

Remark 4.2. The function v, although it seems to depend on the par- 
ticular local coordinates chosen, has a global geometric meaning. In 
fact, V can be interpreted as defining the "successive orders of vanish- 
ing" of s along a flag of irreducible subvarieties Xq^ ...^ Xn-i ^ Xn = 
X, where dimXj = z, in the setting defined by Okounkov ([Ok96]), and 
later developed by Lazarsfeld-Mustata ([LM09]). This interpretation 
will however not play any role in the rest of this paper. Instead, the 
particular local expression (12) will be useful. 

To the function v wc attach the semigroup 

(13) S(^, Nl,v) := {{k, v{s)) I s e H%X,^'')^i \ {0}} c N x N^, 
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and the closed convex cone, C{^,N^,v), in MxM" which is generated 
by the semigroup S{^, N^,v). Finally, we define the Okounkov body, 

(14) ^{^,Nl,v) C{^,Nlv) n ({1} x M«). 

5. L-TYPES AND L-ORBITS IN X 

Recall that L is the identity component of the automorphism group 
of the Jordan pair {V,V'). We give a geometric proof of the decom- 
position of H^(X,^) into irreducible L-modules. More precisely, we 
claim that the decomposition is obtained by restriction to the closed 
L-orbits in X - G/Q. 

5.1. Closed L-orbits. Recall that the set I V x V' of idempotents 
decomposes into the subsets of constant rank idempotents, 

r 

X=[^Xk with Jfe = (e e J|rke = A;} , 

fc=0 

where r denotes the rank of the Jordan pair {V^V). Assuming that 
iy, V') is simple (or equivalently, that the Hermitian symmetric space 
X is irreducible), it is well-known that the Xk are the connected com- 
ponents of X (with respect to the induced topology from V x y), and 
that the L-action onVxV restricts to a transitive L-action on each 
component X^ ^ V x V, cf. [Lo75, §17.1]. Let be the dimension 
of the Peirce 2-space dimy2(e) for some idempotent e e J^, which 
is independent of the choice of e, and let GrN^^(V) be the (classical) 
Grassmannian manifold of A^^- dimensional subspaces in V, equipped 
with the natural L-action induced by the L-action on V. Consider the 
subset 

Vk:={UcV\U = 1^2 (e) for some e € X J c Gr^, (V) . 
Since l^(/ie) - hV2{e) for any h e L and e 6 X^, the map 

■Kk-Xk^Vk: e^V2{e) 

is L-equivariant, and hence Vk is an L-orbit in Gr7v^(y). In particular, 
it is a smooth projective variety, called the Peirce variety of rank k. 
We call two idempotents e, c e Peirce equivalent, if 7rfc(e) - 7rfc(c), 
i.e., if their Peirce 2-spaces in V coincide. 

We show that the Peirce varieties Vk can be imbedded L-equivariantly 
into the compact Hermitian symmetric space X = G/Q. Recall the 
Jordan-theoretic description of X via projective equivalence, X = {V x 
V')/R. The following is a crucial observation due to O. Loos, cf. [Lo94, 
§2.6]. 

Lemma 5.1. Two idempotents e, c eXk 9V xV are Peirce equivalent 
if and only if they are projectively equivalent, i.e., V2(e) = V2(c) if and 
only if [e : e'] = [c : c'] . 
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Applying this lemma, it follows that the map 

Lk -Vk^X, [/ ^ [e : e'] for U = V2{e) with e = (e, e') 

is well-defined and one-to-one. We may illustrate the situation in the 
following commutative diagram 



(15) 



TT 



Vk^ ^ — 



Moreover, since he = (he,h'*e') and h[e:e'] = [he: h~*e'], this di- 
agram is also L-equivariant, and in particular Lk is an L-equivariant 
isomorphism onto its image 

Xk := lk{Vk) £ X , 

which is a closed L-orbit m X. In this way, we have identified r + 1 
different L-orbits in X. Recalling a classical result, that there are 
precisely r + 1 closed L-orbits in X, we summarize the arguments of 
this section. 

Proposition 5.2. The closed L-orbits in X are precisely the complex 
analytic submanifolds 

Xk = {[e:e']\(e,e')^Ik}^X 

for k = 0, . . . ,r. The L-orbit Xk is L-equivariantly isomorphic via Lk to 
the Peirce variety Vk- 

5.2. Restriction isomorphism. In the following, we use the notation 

of diagram (15) and consider the restrictions of the fundamental line 
bundle ^ on X to the closed L-orbits {Xk)k=o,...,r that arc described 
in Proposition 5.2. Due to [Lo78, Proposition 3.1], the projection tt 
trivializes the fine bundle i.e., 7r*J^ is trivial, and sections in ^ 
can be identified with holomorphic maps onV x-V satisfying a certain 
cocycle condition, i.e., 

for all quasi-invertible {x, y -y') J 

Let ^\xk denote the restriction of the line bundle to the closed L- 
orbit Xk ^ X. By compactness of Xk-, the space i7''(Xfc,=Sf |x^) is finite 
dimensional. Moreover, L acts irreducibly. Due to Proposition 5.2 and 
the commutativity of (15), we obtain the identifications 

H\Xk.^\x,) = HWk,il-^) 

/(e,e') = A(e,e'-c')/(c,c') | 
for all Peirce equivalent (e,e'), (c, c')J 



H\X,^) = \f iV xV' hoL 



^ /:Jik^Chol. 
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We note that due to Lemma 3.2, A(e,e' - c') - Ag(c') for e - (e,e'), 
which is the (opposite) Jordan algebra determinant defined by the 
idempotent e. The main result of this section asserts, that the de- 
composition of H^(X,^) into L-types is obtained by restricting the 
sections to the closed L-orbits. 

Theorem 5.3. The restriction map 

(16) p:H\X,^)^^H\X,,^\xJ, /-(/k,...,/k) 

k=0 

is an isomorphism of L-modules. 

Proof. For convenience, we set % := H^(X, ^) and Uk ■= H^(Xk, JSf 
Since X^ are closed L-orbits, each Tik is an irreducible representation 
of L, and p is an L-equivariant map. To show that p is onto, we use an 
inductive argument on /c = 0, . . . , r for the map pk-H->- V-r-k ® • • ■ ® "Hr • 
Consider the map f{x,y) := ^{x,y - c') for (x,y) &VxV' and some 
fixed c = (c, c') e I. Applying the basic identity A{u,v)A{u^ ,w) - 
A(u,w + v) of the Jordan pair determinant, one immediately verifies 
that / is an clement of "H. The restriction of / to Ik is given by 
/(e,e') = Ag(c') with e = (e,e'). Therefore, Lemma 3.3 implies that 
= if and only if rkc < k. For k = 0, choose c e X with rkc = r. 
Then, po(/) is non-trivial in Tir, and since Tir is irreducible and po is 
L-equivariant, Schur's lemma implies that po is onto. For A; > 0, choose 
eel with rkc = r-A;. Then, Pkif) is non-trivial only in the component 
of Hr-k- Therefore, the L-module generated by Pk(f) in Tir-k®---®'Hr 
is a non-trivial submodule of the first component, and by irreduciblibly 
of Tir-k, we obtain 

(17) nr-k®{o}®-®{o}^Pr-k(n) . 

Now let (fr-k, ■ ■ ■ , fr) be any element in 7ir-k ® ••• ® Hr- By induction 

hypothesis, there exists an element / € "H with f\x^ = fi for all £ > r- A;. 
Due to (17), the first component can be fixed by choosing a section 
g eU with g\x^_^ = fr-k - f\i^_k and g\xi = for £ > r - /c. Therefore, 
Pkif + g) = (fr-k, • • • , /r), and hence pk is surjective. 

To show that p is injective, we have to show that a section / € 
H^{X,^) that vanishes along all closed L-orbits {Xk)k=G,...,r must also 
vanish on all of X. For this we use an inductive argument showing 

(18) /(e + c, e') = for all orthogonal e = (e, e'), c = (c, c') e X . 

From Proposition 3.4 and the fact that any element admits a com- 
pletion to an idempotent, it follows that that any element m V >^V' 
is projectively equivalent to some element of the form (e + c, e') as in 
(18). Therefore, showing (18), also proves that p is injecitve. As above, 
let r be the rank of (V,y). We prove (18) by induction on n = r - A; 
with k = rk(e). For n = 0, the statement just reads /(e, e') = for all 
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e - (e, e') e J^, since c e Vo(e) - {0}. This is satisfied by the assump- 
tion f\x^ = 0. For n > 0, we start a second proof by induction, namely 
induction on rk(c). For rk(c) = 0, i.e., c = 0, we have /(e, e') - due 
to the assumption that = 0. For rk(c) > 1, consider the decom- 
position c = Ci + C2 for some orthogonal idempotents Cj - {ci,c'-) with 
rk(c2) = 1. Due to the cocycle condition on /, we obtain for any t&C 

/(e + ci+tca, e') = A(e + Ci+tc2, -(1 - /(e + ci + C2, e' + (1 - . 

By orthogonality of e, Ci and C2, the Jordan determinant simplifies to 

A(te2, -(1 - = A(c2, (1 - t)c',) = A;(t4) = f^^^-^ = t , 

and we therefore obtain 

f{e + ci + tc2, e') =tg{\) with ^(i) := /(e + Ci + C2, e' + (1 - i)^) 

for some entire function g e 0(C). Since the left hand side is holomor- 
phic in t, it follows that g{j) = a + (3j for some a,/? e C. By induction 
hypothesis (on n), (7(0) = 0, so a = 0, and we conclude 

/(e + ci + tc2, e') = /3 = const. 

Setting t - 0, the induction hypothesis on rk(c) yields /3 - f{u+ + 
e+, W-) = 0, and hence we also obtain /(e + c, e') = /(e + C2 + ci, e') = 0. 
This finally proves (18), and completes the proof of the theorem. □ 

The next proposition determines the highest weights of the L-types 

H'^(Xj,^\x ), and gives an explicit description of a highest weight 
vector. Let (ei, . . . ,er) be the frame of tripotents associated to the 
strongly orthogonal roots 71,..., 7^, cf. Section 3.4, and let A be the 
fundamental weight associated to 71. Set Sk '■= Y,i=i Cj for A; = 0, . . . ,r. 

Proposition 5.4. For k e {0,...,r}, the L-type H^(Xk,J^\x^) has 
highest weight (with respect to 

Afe := A + 71 + - + 7fe € (it)* . 

In particular, the decomposition (16) is multiplicity free. Moreover, the 
map 

fk{x,y) := A(x,?/-efc) 
defines a section fk e if''(X, =Sf), the restriction of which to is a 
highest weight vector of H'^(Xk,^\xk)- local coordinates Lq-.V "-^ X, 
the trivialization fk of fk is given by fk{x) - A{x,-ek) for x eV, and 
the restriction to the C-linear span of the frame (ei, . . . , e^) is 

/fc(x) = (1 + xi)---(l + Xfc) for a; = xiei + --- + zver 
with Xi, . . . ,Xr ^ C. 

Proof. Let Qk be the L-stabilizer of the element [e^ : e^] e X/-. Accord- 
ing to Proposition 5.2, Qk is also the L-stabilizer of the Peirce 2-space 
^2(efc), and Lemma 5.5 below shows that the opposite Borel subgroup 
(i.e., the one with Lie algebra := f) ® n^) is contained in Qk- 
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Therefore, to determine the weight of it suffices to de- 

termine the character Xk corresponding to the hne bundle ^\xk- Due 
to (15), this is the same character as the one corresponding to t^Jif on 
Vk- Hence, Xk can be read off from the cocycle which describes sections 
in il^, namely 



where x is the character of ^ (restricted to Q^'^ L). Wc note that A^^ 
is the (opposite) Jordan algebra determinant, and one can show that 
A^^(/i#efc) = A£j.(/i~^efe), which is a more common description. Here, 
we prefer to use the first formula for Xk- Let qfc denote the Lie algebra 
of Qk- Next, we determine the derivative of Xfc e e along an 
element X e q^. By definition, the derivative of the character % of =Sf is 
the linear functional A. For the second term, Xk{h) ■■- A(efc, - /i*efc), 
one shows (using standard properties of the Jordan pair determinant) 
that -^A(x,y)(z) = -^A(x,y)T(xy,z), where p is defined by (7). By 
a short computation wc thus obtain 



Recall that the Cartan subalgebra f) £ decomposes into 1) = Sc ®5^, 
where the elements H e have the property that H{ej) = for all 
j. Therefore, rfXfc(e) vanishes along s^. Moreover, 5c is spanned by 
the elements H^. = D^.^^j ior j = 1, . . . ,r, and the central element Idy, 
and we obtain by (strong) orthogonality of the tripotents of the frame 
elements 



Together with (ix(e)(Idy) = k, it follows that dxki^) coincides on I) 
with the functional 7i + --- + 7fc, and we therefore conclude that dxki^) = 
A + 7i + ••• + 7fc. Next, wc consider the map fk- 

Due to the identity A{u,v)A{u^,w) = A{u,w + v) it follows that fk 
satisfies the cocycle condition for sections in H^{X, ^) . The evaluation 
of ,fk{x) - fk(x,0) = A(x,-?fc) ai X = xiCi h — + ^^6^ is a special case of 
the formula A(x, y) = n[=i(l ~ Xiyi) with y - y\e\ + ••• + y^ri cf. [Lo75, 
§16.15]. To prove that is a highest weight vector of the L-type 
'H^{Xk,^\xy^ it suffices to show that is constant on an open subset 
of Xk which contains [e^ : e^], since c (due to the next lemma). 
Indeed, fk is even constant on the open subset f/j^ = {[x : e^] | x e V'} c 
X, since fk{x,ek) = A(x,0) = 1 for all x e V. This completes the 
proof. □ 

Lemma 5.5. Let (ei, . . . ,6^) denote the frame of tripotents correspond- 
ing to the Cartan subalgebra f) of I as it is defined in Section 2. For 
k = 0, . . . ,r let tk ■= Y,i=i ^i- Then, the stabilizer subgroup Qk^ L of the 
Peirce 2-space ^2(6^) contains the opposite Borel subgroup . 



Xk-.Qk^C, X{h) ■ A(efc, 6fc - h*ek) = xih) ■ A'Jh*Ik) 



dXk{e){X) = lT{ek,X*ek) = iT(Xe,,efc) . 
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Proof. This proof is based on the ideas of [Up86]. Since the Peirce 
variety Vk is a projective variety, the stabihzer subgroup Qk ^ L is 
parabohc, and hence it suffices to prove this lemma on the Lie algebra 
level, i.e., we show that b"" c q^. with qk = {T e l\TV2(ek) c V2{ek)}. 
Let V - ©o<i<i<r^i be the joint Pcircc decomposition with respect to 
the frame of tripotents (ei, . . . , e^.), set Vij ■■- Vji for i ^ j, and define 

Uj •■= {Du,v e t| w e Vie, v e V^j for some i} . 

We note that 4^ iji for itj. We claim that 

r 

[ = lo e kj with lo := ki 

is the weight space decomposition of i with respect to the adjoint action 
of the abehan subalgebra s - iiDf..-^., ildy I j -1,. . . ,r)„ £ t. Indeed, 
since I = p~], i is generated by all derivations of the form with 
u,v ^V, and for T = 6 l^j, the Jordan identity JP15 implies 

where 5ij is Kronecker's delta. Moreover, ildy acts trivially on each 
Uj. With (8), it readily follows that the weight corresponding to Uj is 

(7* ~ where we also set 70 := 0. 

Now let [ = t © ®ai<i>L be the root decomposition of I with respect 
to the maximal torus t. By [HC56, Lemma 13], a positive root a e $^ 
either vanishes on 5, or its restriction to s is of the form ('^i-^j)/'2 with 
1 < J < i < r or -7j/2. We thus obtain that 

r 

P Uj ® Uo 

l<i<j<r i=l 

is a subalgebra of [ which contains the opposite Borel subgalgebra b°j^. 

In the last step of the proof, we show that p £ q^. Due to the 
derivation property of elements T ep, the relation Tck e V2(efc) already 
implies TV2(efc) £ V2(efc). First assume that T e Ui, so T = D^^y with 
It, V e Vi(,. Since Vi^ is contained in one of the Peirce spaces Kn(efc) with 
m e {0, 1,2}, the Pcircc rules imply Dy-^ek € V2(efc). Now assume T e Uj 
for 1 < i < j < r. If i < k, then the joint Peirce rules imply Dy yek e Vik, 
which is a subspace of V2(efc). If z > A;, then j > k and the joint Peirce 
rules imply -D^^Cfc = 0. For the last case, T e Uo, i-©- T = Dy^y with 
u e Vii, V € Veo, the joint Peirce rules yield Dy^ytk = 0. To sum up, this 
shows that Te^ 6^2(6^) for all T e p, which completes the proof. □ 

6. Reduced spaces for the /^-action 

6.1. Moment map. In this section we explicitely determine the mo- 
ment map of the X-action on the compact Hermitian symmetric space 
X = U/K. Recall from Section 4.1 that X can be reahzed as the coad- 
joint orbit Ox ^ u* with base point iA e u*, where -A is the extension 
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of the fundamental weight associated to 71. In this reahzation the mo- 
ment map iJ, : Ox ->■ u* is just the restriction of the identity map to Ox, 
and the moment map ^{ corresponding to the /T-action on X = Ox is 
given by restriction to 6, i.e., /it(.T) = for all x e 0\. 

In the following we use a constant multiple of the Killing form ac 
on u to identify u* with u, t* with t, and coadjoint orbits with the 
corresponding adjoint orbits. More precisely, we use 

(19) i?:u^u*, X^-l^K{X,n), 

where p is defined in (7). Let jl:= do ^ and jli := do denote the corre- 
sponding moment maps. Then, ji^ - pr^ o/i, where pr^ is the orthogonal 
projection of u onto B with respect to the Killing form. 

Lemma 6.1. The map d identifies iX e u* with ildy e t, which is 
central in t. 

Proof. Let 77 e u be the unique element determined by the relation 
iX{Y) - k{X,Y) for all Feu. We have to show that X ^ Idy. 
Since A vanishes on B-^, it follows that X & t. In addition, the relation 
(Ad* A) (Y) = k(X, Ad;^ Y) = K(Ad„ X, Y) implies that the stabilizer of 
the coadjoint action of U with respect to A (which is K) coincides with 
the stabilizer of the adjoint action of U with respect to X. Therefore, 
X is central in and since ^{l) = M-ildy, we conclude that X = c-ildy 
for some c € R. Finally, using (6), the relation A(if-yJ = -1 with 
if^i = Dei,ei imphes 

-i = (iA)(f/^J = K(c-iIdy,Dei,ei) = 2ic-Tr£)ei,ei = 2ic-T(ei,ei) , 

and since p - r(ei, ei), this completes the proof. □ 

As a first step, we determine the moment map on the open and dense 
subset V ^ X. Recall the Jordan-theoretic description of X via pro- 
jective equivalence, X = {V x V')/R, so elements of X are equivalence 
classes [x : a] of elements in V xV. The embedding io = ^ ^ is 
given by ^0(2^) = [a; : 0]. The moment map on X = [//-ft' is by definition 
identified with the moment map jl^ on d~^{Ox) £ u via the isomorphism 
given by uK Ad„(ildy). 

Proposition 6.2. The restriction of the moment map fl^ X ^ i of 

the K-action on X to V 9 X is given by 

(20) flr-V^t,x^t (B-]_^ - Q.BZI^Q^) . 

U ^ - T,j=i'^j'^j is the spectral decomposition of x & V, then 
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Proof. Let 7r:f/ X = U/K he the canonical projection of U onto 
X given by u >^ u[0 ■■ 0], then the embedding lq : V ^ X oi V into X 
admits a hft to U given by 

(f.V^U,X^U^:=t^o o , 

Indeed, since t^[0 : 0] = [0 : x] = [0 : 0], we obtain 

TT o ip(x) = u^[0 ■.0] = t^o b'J^_-[0 : 0] = t^[0 : 0] = [x : 0] = toix) . 

Therefore, the moment map on y ^ X is given hj fi : V ^ u with 
/i^ := jj,{x) = Adu^(ildv'). Recall that all Lie algebras are realized as 
vector fields on V, and that the adjoint action reads 

{Ad^-rO{z)=du{z)-'-au{z)). 

Explicitly, since u~^{z) = t-xB^J^_-^i-x{z) = B^J^_-z~^ - x, we obtain 

fi%z)=^(B'J^_^B-}_^y'■(^uJ{z)) 

• T ") —X ' 7 ) d 

= i(z + Q^x- B^^_^{x-^)) . 

— 1/2 

In the last step we used the identity B,j. = x~^, which is obvious 
when X is replaced by its spectral decomposition x = Y,(Jjej. Recall 
that the moment map fi^ of the X-action on F c X is given by the 
orthogonal projection of p,^ onto t. The orthogonal projection yields 
the hnear terms of the vector field pF, therefore, 

l4{z) = dfl'^iO) ■z = i(z- D^^^(x-^)) = i (Idy -D^-^^^){z) . 

Prom this, formula (20) follows with a short calculation by using the 
relations B^^yD^y^^ = D^^^-Q^Qy^^ (JP30) and B^^yQ^y = Q^yBy^,. = Q.^ 
(JP28), and formula (21) follows by using the spectral decomposition 
X = Y^CTjCj. This completes the proof. □ 

For the extension of the result of Proposition 6.2 to all of X, we need 
the following operator. 

Lemma 6.3. For {x,a) e {V,V'), let T^^a ■= B^^aB^a^_^Ba,x- Then 

(a) Pa; a depends polynomially on x,x.a,a. 

(b) // [x :a] = [z:bl then P,,^ = iJ^V^r^.a^-^^. 

(c) Pa;,a is a positive definite operator on V with respect to the inner 
product (-|-) defined in (3). 

Mutatis mutandis, the same results hold for the adjoint operator P^^a := 
r*a = Bx,aB-^a _^aBa,x ^ End(y) where the adjoint is taken with re- 
spect to the trace form r. 

Proof. The proof of (a) and (b) rehes on the fact that the Bergman 
operator satisfies the relations By^^^Buv y, = Bu,v+w and Byj^^vB^^y^ = 
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B^+^^u- For (a), consider the operator T'^ayb'- Bx,aBa;a,-ybBh,y with 
(x,a) e iV,V') and {y,b) e {V',V). Then 

F' — R R — R R 

x,a,y,b ~ ^x,-yb+a^b,y ~ ^x,a^-x'^+b,yb i 

and the first of these identities imphes that F' , , is polynomial in 
(x,a) e T/, whereas the second identity implies that ^'^^yb Poly- 
nomial in (y,b) e {V',V). Therefore, rx,a = ^'xaxa polynomial in 
Part (b) is a simple application of the identities statisfied by 
the Bergman operators, since [2; : fe] = [x : a] implies z = x°-~^. For (c), 
we first note that V^^a is self-adjoint with respect to (-|-). Due to (b) 
and Proposition 3.4, it suffices to prove (c) for {x,a) - {e + z,e) for 
some tripotent e e S and z e Vo(e). We calculate Fe+2,e by means of the 
limit lim^^i with t e R\{1}. Using the relation (e + ^)*^ = e + z 

and the Peirce rules, it is straightforward to obtain 

(22) Fe+2,e = lim Fg+^ = lim 5(i_t)e, -(^i-t)eBz, -z = Bz, -z ■ 

Let z = X!i=i Ci^j be the spectral decomposition of z, and let V = 
®o<i<j<k Vij be the joint Peirce decomposition with respect to the or- 
thogonal system of tripotents (ci, . . . ,6^). Then [Lo77, §3.15], the re- 
lation Bz^-zVij = (1 + crj^)(l + holds for all % € Vij, where Aq := 0. 
This shows that B^^-z and hence Fe+z,z is a positive definite operator 
on y. ' ' □ 

Theorem 6.4. The moment map jl^: X ->■ t of the K-action on X is 
given by 

(23) ■■<i]) = i {Ba,xr-],B,,a - Qxr^^Qx) 

If (e + z,e) € [x : a] is a representative as in Proposition 3.4, and z = 
T,'j=i (^3^3 is the spectral decomposition of z, then 



(24) 



fll{\x : a]) = Z |ldy - E ^e„e, - -De.ej ■ 



Proof. For (23), it suffices to check that \xi[\x : a]) is well-defined and 
that its restriction io V ^ X coincides with (20). The latter part is 
easy to see, since for a = 0, we obtain S^, = Idy/ and F^- o = B^ .^.. To 
prove that ]xi(\x : a]) is well-defined, let [x : a] = : 6], so 2; = x°-~^ . 
Due to Lemma 6.3, F2 6 = , Fj, aBz}- _, and hence 

' x,a o I a-b,x 

Mz : 6]) = z {B-. -T-lB,,, - g.F-^^Qr) 

" ^ (\^-b^a-b,x^~x,aBx,a-bBxa-h,l, + Q^a-b Ba-b,x^i]aB^a-bQx^-b) 
~ i i^a,x^x,a^x,a ~ Qx^x,aQx) 

= fii([x:a]) . 

We note that continuity also yields the condition jli([x : a]) e t. The 
identity (24) follows by continuity from (21), since [x : a] = [e + 2; : e] = 
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limt^i [y^c + 2; : O], and the spectral decomposition of -j^e + z is just 
+ z = Tj-jc + X! o'yf-ji since z € Vo(e). □ 

Corollary 6.5. The image of the moment map ji^ in f is given by 

(ci, . . . , Cr) frame of tripotentsA 

(i/i,...,i.,)e[o,ir J ■ 



In the last part of this section, we return to the moment map in 
its original form with image in £*, and determine the intersection of 
UtiX) with the closed positive Weyl chamber ic ^ t* (with respect to 
i.e., 

c := {a € (ity I a{Hf}) > for all ^5 € } . 

Recall from Section 4.1 that real valued functionals a e (ii)* are iden- 
tified with their complex extensions to functionals on [ (zero-extension 
on the orthogonal complement of it) , and the restriction of ia to t is a 
real valued functional on t, so ic^i*. 

Theorem 6.6. The intersection of the image of the moment map [x^ 
with it, is given by 



In particular, this is a convex polytope 



1 > z^i > . . . > ^ > =: lis 



Proof. Let (ei,...,er) be the frame of tripotents that is associated 
to the maximal abelian subalgebra t ^ u as described in Section 3.4. 
Consider 

n, := {i( Uv - ^iDe,re^) I 1 > i^l > . • • > > 0} C t . 

We first show that "dijls) = with ■§ as in (19). Indeed, Lemma 6.1 
shows that ^{ild) = i\, and using (8), we obtain for all T e 

7?(zDe,,.,)(T) = -l^n{D,^re,,T) . XK(T,[e,-,ge,]) 

= ^'^iTej,qe^) = -lT{Tej,ej) = -ijj{T) . 

Therefore, ^d^iD^.^ej) - -ijj, and we conclude that ^!^(^s) - U^. Since 
K acts transitively on the set of frames of tripotents. Corollary 6.5 
implies that AdK(n.s) = P-ti^), ^-nd since is X-equivariant, this also 
yields 

(25) Ad^(n,) = fi,{X) . 

As a second step, we prove that 11^ c ic: Theorem 5.3 and Propo- 
sition 5.4 imply that for all £ e {0,1, ... ,r} the functional A + 
X!j=i7j £ (it)* is a highest weight of an L-type in H^{X,^), hence 
iXe e lis n ^C- Since ic is convex, we conclude that 

(26) lis - conv{zAo, . . . , iXr} £ ic . 
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Finally, since the closed Weyl chamber ic is a fundamental domain for 
the X-action on t* (cf. [DKOO, Lemma 3.8.2]), it follows from (25) and 
(26) that n^(X) nic = U^. □ 

6.2. Reduced spaces. The next goal is to show that the reduced 
spaces are points, so we first determine the fibre jj,^^(T) of a given 
element T = i (Idy - E^^i J^jDej,ej ) e t 

Lemma 6.7. Let (ci, . . . , e^) and (ci, . . . , q) be two systems of orthog- 
onal tripotents, and let vi < V2 < •■• < Vk and fii < fi2 < ■•• < He be 
non-zero real numbers. Then 

k I 

^ ViDei^ei = X! I^j^cj,cj k = £ and i'i = i^i, « q for all i. 

i=i j=i 

Here, r; q means that Cj and q induce the same Peirce decomposi- 
tions, i.e., Vm{ei)^Vm{ci) for me {0,1,2}. 

Proof. For convenience, we set A := Y,i=i ^iDe,,ei and B := Ej=i /^i^c^.c^- 
Let V = ®o<i<j<rVij be the joint Peirce decomposition with respect 
to the orthogonal family (ei,...,efc). Then, the Peirce rules imply 
Axij - (vi + i'j)xij for Xij e Vij, where wc also set uo '■= 0. Therefore, 
V decomposes into eigenspaces of A, and the eigenspace of the highest 
eigenvalue, namely 2h'k, is V2(efc). In the same way we obtain a decom- 
position of V into eigenspaces of B, and the eigenspace of the highest 
eigenvalue 2//^ is V2(q). Assuming A = B, we therefore obtain = fJ,e 
and V2(ejfc) = V2(c£). Since Peirce 2-spaccs corresponding to tripotents 
uniquely determine the whole Peirce decomposition, this also implies 
Vm(ek) = Vm(ce) for m e {0, 1,2}, and hence -Defc.gfc = -Dc,,c,. Therefore, 
the assumption A = B is reduced to Y,i=i ^iDei,ei = T!f=i HjDcj,cj and 
the statement follows by induction. □ 

Theorem 6.8 (Reduced spaces). Let fx^ : X ^ t be the moment map 
of the K-action on X , and let T e fli(X), i.e., T = /Ue([eo + z : eo]) for 
some tripotent cq e S and z 6 Vo(eo). Let z = T,j=i<^j^j be the spectral 

decomposition of z. 

(a) The fibre of T with respect to the moment map is given by 

^ Cj e S, Cj Cj 

i^i (T) = \ Co + 22 CFj Cj : Co 



for all j = 0, . . . ,k\ 



(b) The stabilizer subgroup Kt ofT consists of those elements leav- 
ing the Peirce spaces of the joint Peirce decomposition V - ®Vij 
with respect to the orthogonal system (ei, . . . , e^, e) invariant. 

(c) The reduced space jl^^{T)l Kt is a point. 

Proof. Recall from Proposition 3.4 that any element of X can be rep- 
resented as [co + t(;:co] for some tripotent cq and w € Vo(co). Let 
w = Ei=i 'TiCi be the spectral decomposition of w. Now assume that 
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At«([eo + z -eo]) - /it([co + w :co])- Then, Theorem 6.4 and Lemma 6.7 
imply that k = i and (t|/(1 + (t|) = r|/(l + r|), cj f« for all j = 0, . . . , k. 
Moreover, since the identity between aj and tj is solved only for aj = 
±Tj, and (Tj, Tj are assumed to be positive, this proves (a). For (b), we 
note that Ad^ D^. g^ = D^^^ , and hence Lemma 6.7 implies that k e K 
stabilizes T if and only if r; kej for all j. Since the Peirce spaces of 
the joint Peirce decomposition corresponding to (cq, ei, . . . , Ck) can be 
described by intersections of the Peirce spaces Vmiej) with m e {0, 1,2}, 
J = 0, . . . , A;, and, conversely, the Peirce spaces Vm{ej) are given by di- 
rect sums of joint Peirce spaces. This proves (b). For (c), we have to 
show that Kt acts transitively on ji^^{T). Due to (a), this is equiv- 
alent to the statement that Kt conjugates any orthogonal systems 
(co, . . . jCfc) and (cq, . . . ,Cfc) of tripotents with Cj Cj for aU j. This 
follows from the fact [Lo77, §5.9] that K acts transitively on the set 
of frames of tripotents: since each ej and Cj can be decomposed fur- 
ther into orthogonal primitive tripotents to obtain frames, and since 
Tkcj = rkcj, there exists an element k ^ K mapping Cj onto Cj for all 
j. Since Cj r; Cj, k preserves the Peirce spaces Vm{ej) = Vm{cj). By the 
same argument as for (b), it follows that k e Kt- □ 

7. Branching laws 

Before we turn to the problem of decomposing the spaces H^{X, 
under the group K we recall some notions from the theory of Hamil- 
tonian actions of compact Lie groups. For a more thorough treatment, 
we refer to [GS82] and [S95]. 

Let K temporarily denote an arbitrary compact connected Lie group 
which acts holomorphically on the connected compact Kahler manifold 
(M, f2) in a Hamiltonian fashion, and let r : M ^ be the moment 
map for the action. Assume that £ M is a prequantum line bundle 
for (M, Vt). Then K acts holomorphically on C as bundle isomorphisms, 
and this action extends to an action of the universal complexification, 
X^, of K. We recall two notions of stability for the i^-action on M. 
Firstly, we have the set 

Mss{C) := {m 6 M I s{m) t for some A; € N, and s e i/0(M,£'=)^} 

of algebraically semistable points. Secondly, we have the set 

M,s = {m€M\ K^.m n r-^O) ^ 0} 

of analytically semistable points. In fact, the identity 

holds (cf. [S95, Thm. 2.18]). 

We now turn to our particular setting, where K again is the stabilizer 
in U of e(5 e X. Let be a coadjoint orbit in t* through an integral 

e t* ^ t*, which we view as a symplectic manifold when equipped 
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with the Kostant-Kirillov symplectic form 00^ . Let denote 
equipped with the symplectic form -u^ , and with the reverse complex 

structure, i.e., the sheaf of holomorphic functions on is the sheaf of 
antiholomorphic functions on O^. If ^ is the prequantum line bundle 
for O^, let denote the hne bundle over where the fibre over 
X is given by the antihnear functionals (^^)x C. Then jSf^* is a 
holomorphic prequantum line bundle for 

Consider now the product space X x O^. Let pi and p2 denote the 
projections onto X and , respectively. For A; e N, we equip X x 
with the symplectic form pl(kujx) -p^u^ . The diagonal action of K on 

XxO^ , when equipped with this symplectic form, is then holomorphic 
and Hamiltonian with moment map 

l,';'^{x,y):^4{x)-y, {x,y)€XxOf. 

Put 

Citk) ■.^pl^^®pl^*. 

Then >C(^, A;) is a holomorphic prequantum line bundle for ((X x O^), 
pl{kuj\) -p2U>^), and the X-action lifts to a holomorphic action on 

Prom Theorem 6.8 (c) we immediately conclude the following result. 
Proposition 7.1. For every k ^ N, the group K acts transitively on 

Proposition 7.2. For every $, € (ii)* , and k&N, the dimension of the 
space H^{X x ,C(^,k))^ is at most one. 

Proof. First of all, by [S95, Thm. 2.18], 

H\X X of, C(^, fc))^ - H%(X X Of)ss,C(^, k))"". 

By the definition of (X x 0^)ss any X-invariant section, being also 

K'^-invariant, is uniquely determined by its values on (/i^''')"^(0). By 
Proposition 7.1, such a section is in fact determined by its value at 
some given point in (yUj'^)~^(0). This finishes the proof. □ 

Lemma 7.3. The integral points in nic are precisely the points 

kX + mi7i H 1- rrir^r) where k>mi>...>mr>0. 

Proof. Clearly, every point A; A + miji + ••• + rrir'jr with k > mi > . . . > 
rrij. > is integral. For the converse inclusion, let ^ e /ij (X) n it. Then 
^ = A;A + a;i7i + ••• + Xr7r for some Xj e M satisfying k> xi> . . . > Xr 

If ^ is integral, then a;i7i h \-Xr^r is also integral. From the argument 

at the end of the proof of Lemma 2 in [Sc69] it then follows that e Z 
for i = 1, . . . , r. This finishes the proof. □ 
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Theorem 7.4. The space H^{X^^^) decomposes under L as 

fe>mi>...>mr->0 

where VF(fcA,m) is the irreducible L-representation with highest weight 
kX + 1.1=1 mai. 

Proof. By Theorem 1.1 and Lemma 7.3, only representations of the 
form W(^k\,m) can occur in H'^(X,^), and by Proposition 7.2 they can 
at most have muhiphcity one. Thus, it suffices to prove that every 
such representation actually does occur. For this, we note that every 
m e Nq satisfying the condition k > mi > . . . > rur > can be writ- 
ten uniquely as m = Ej=i"^0)) with m(j) = (mi(j), . . . ,mr{j)) e Nq 
satisfying 1 > mi(j) > . . . > mr{j) > 0. By Theorem 5.3 and Proposi- 
tion 5.4, for each such m(j) the irreducible L-representation ^^(A.mO)) 
occurs in i?°(X,jSf). Let sj € H^(X,^) be an L-highest weight vec- 
tor for the representation W(^\^rn(j))- Then sySk e H^{X,^^) is an 
L-highest weight vector of weight A;A + ELi'^iTi- Hence, the represen- 
tation W(^kx,m) occurs in H^{X,^''). □ 

8. The Okounkov body 

In this section we return to the Okounkov body A(jSf , Ar+, t;). The 
main result is an identification of .N^.v) with the moment poly- 
tope n^. We also prove that the semigroup S{^,N^,v) is finitely 
generated. 

Let m e Nq satisfy 1 > mi > . . . > > 0, and let Sm e H^{X,^) be 
an L-highest weight vector with highest weight A + mi7i h 1- rrirjr- 

Proposition 8.1. The semigroup S{^,N^,v) is generated by the el- 
ements {l,v{sm)) with 1 > mi> . . . > rrir > 0. 

Proof. Let s e be an A^^-invariant vector. Then s can be 

written as a linear combination s = X!i Si of L-highest weight vectors in 
H'^{X,J^'^) corresponding to distinct highest weights. These weights 
are distinct also as f)-weights. Hence, by Proposition 4.1 v{si) 4^ v{sj) 
for i t j. It follows immediately from the definition of v that v(s) = 
v{si) for some Sj, namely the Si with smallest v{si). We can thus 
without loss of generality assume that s is an L-highest weight vector. 
By Theorem 7.4, the weight of s can then be written as kX + Y.l=i ^ili 
with k > m-i > . . . > rUr > As in the proof of Theorem 7.4, m ■= 
(nil, . . . , rUr) can be written uniquely as m = T,'j=i 'fn(j), with m(j) = 
(mi(j), . . . ,mr{j)) e Nq satisfying 1 > mi{j) > . . . > mr{j) > 0. Let Sj e 
H'^{X,J^) be an L-highest weight vector with weight A + '>^iij)li- 
Then sySk e H'^{X,^'^) is an L-highest weight vector of weight kX + 
ELi'^iTi- Since the decomposition under L is multiplicity free, s is a 
scalar multiple of sr--Sk. Hence, v{s) = v{si) h — + v{sk). This finishes 
the proof. □ 
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Corollary 8.2. The Okounkov body A{^,N^,v) is the convex hull of 
the points (l,v{sm)) with 1 > mi > . . . > > 0. 

Let V 9 t* denote the weight lattice of t. Define the moment semi- 
group 

S{^,Nl) := {{k,i$) € N X P I ^ is the highest weight of some W^(fcA,m)}- 

We now construct a morphism of semigroups, A, from S{^, N^,v) to 
S(^,N^). As already observed in the proof of Proposition 8.1, two 
weight vectors Si,S2 e H^{X^^^) with distinct weights cannot have 
the same value under v . Now, let (A;, a) € S(J^,N^,v). Since the 
decomposition of H^{X,^^) is multiplicity free there exists a unique 
(up to scalar multiples) weight vector s e H^{X,^^)^l with v{s) = a. 
We therefore define 

by putting A((/c,a)) = (k,i^), where ^ is the weight of s. 

Remcirk 8.3. The morphism A was introduced by Okounkov in [Ok96] 
in a slightly different (but more general) setting. 

Proposition 8.4. The map A : S(^,N^,v) ^ S(^,Nl) is an iso- 
morphism of semigroups. 

Proof. We first prove that A is injective. For this, assume that for 
some bwe have A((A;,a)) = A((A;,6)). If s,t € H^(X,^>')^1 are 
highest weight vectors with v{s) = a and v{t) - b, respectively, then 
s and t are linearly independent highest weight vectors of the same 
weight. This would, however, contradict the multiplicity-freeness of 
the decomposition of H^{X.,^^) under L. 

For the surjcctivity, we note that, again by multiplicity-freeness, ev- 
ery highest weight ^ of some H^(fcA,m) is the weight of a unique (up 
to scalar multiples) highest weight vector s e H^{X,^'')^l. Then 
K{{kMs)))=ii. □ 

Let E{^,N^,v) c R X R" be the R-linear subspace generated by 
S{^, N+,v), and let E(^, 7V+) c Rxt* be the M-hncar subspace gener- 
ated by S{^, -^L )• We extend A to a unique hnear map E{^, N^,v) 
E{^,N^), and we let A also denote this extension. 

Let C{^,N^) c E{^,N^) be the closed convex cone generated by 
S(^,Nl), and put 

A(^,Nl):= C(^,Nl)n({l}xe). 

Clearly, we can identify A(jSf, A^^) with Ug by 

A(^,Nl) = {(l,x)\xeU,}. 

Using this identification. Proposition 8.4 readily yields the following 
identification of the Okounkov body A(^,Nl,v) with the moment 
polytope n^. 
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Theorem 8.5. The map A : E{^,N^,v) E{^,N^) restricts to a 
bijection 

Remark 8.6. The problem of constructing polyhedral Okounkov bod- 
ies has been addressed both in the setting of group actions, such in 
[Ok96], as well as in the case, developed in [LM09], when the semi- 
group is defined by the values of all sections. Few positive results 
in this direction are known, however. It is known to work for torus- 
equivariant line bundles over toric varieties (cf . [LM09] ) . As examples 
in the setting of homogeneous spaces under a reductive group we would 
like to mention [Ok98] and, more recently, [Kll]. 
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